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OA , Abstract. A general solution for a second-order linear constant coefficient dynamic equation with 



polynomial forcing on time scales is given. 



<J^ ! 1. POLYNOMIAL FORCING OF SECOND-ORDER ORDINARY DYNAMIC EQUATIONS WITH 

^ ■ CONSTANT COEFFICIENTS 

. Recall that polynomials on time scales jl] are defined via ho{t,a) = 1 and recursively for k G N 



by 



> 

^ ' We have the following result. 
O 



hk{t,a) = / /ifc_i(r,a)AT. 



^ ' Theorem 1.1 (Constant Coefficients with Polynomial Forcing). Let a G T and a, /3 G M. A general 
O solution of the second-order linear constant coefficient equation with polynomial forcing 



k 



y^^ + 2ay^ + /3|/ = 5^7,/ii(-,a), 7^ e M, (1.1) 



L_| ■ i=0 

with (3 ^ 13 ^ o? , and 1 — 2a/i + is given by 



k 



y{t) = cieAi(t,a) + C2ex^{t,a) + ^^ihi{t,a), (1.2) 
where Xi = -a - \Jo? - ^, A2 = -a + \Ja^ - fi, ik-\ = ^ (ik-i - y 7fc) , Ck = ^Ik, 

i-l T-1 

6 = u;iAl + a;2A*2 + ^^7,Ai+^-2-/3^-i-^ for ^ e {0, ■ ■ ■ , A; - 2}, 



T=0 s = 
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k-1 



k-l + S-2T OT-l 



r=0 s=0 



1 



T=0 s = 

Proof. By the theory of hnear dynamic equations [3|, Theorem 3.16], a general solution of (11. ip has 
the form 

y{t) = ciex^(t,a) + C2ex2{t,a) + yd{t) (1.3) 

for 

Ai = —a — a/o^ — /? and A2 = — « + a/q;^ — /?, (1.4) 

where the time scale exponential functions eAi(-,a) and ex2{-,ct) are solutions of the corresponding 
homogeneous equation 

y^^ + 2ay^ + (3y = 0, 

and yd is a particular solution of the inhomogeneous equation (II. ip . Here yi = eAi(-,a) and y2 = 
e\2{-,a) are linearly independent since their Wronskian 

W{yi,y2) = yiy2 -yty2 = (A2 - >^i)yiy2 = - (3 eAieA2(-,a) = - /S e(_2a+;,/3)(-, a) 

is well defined due to the regressivity assumption 1 — 2«/i + 7^ and is never zero on T. We 
guess that a particular solution ya has the form 



yd = ^^ihii-,a), Ci 



i=0 



Then 



k-l 



k~2 



yd 



d = ^ ii+ihi{-, a) and y^^ = ^ 6+2/ii(-, a). 



i=0 



i=0 



Plugging into (11.11) and solving for the coefficients we have 

6-1 = ^ (^Ik-i - and = ^7k, 



:i.5) 



while the rest of the coefficients satisfy the second-order linear constant coefficient difference 
equation with forcing given by 



+ 2a^i+i + = 7i, i = 0,...,fc-2. 



:i.6) 
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The preceding difference equation (II. 6p has the solution [2], Section 4] 

T=0 s = 

where Ai and A2 are given in (II .41) above. Using the terminal conditions in (II. 5p and simple linear 
algebra we have 

fc-2 r-1 



UJ2 



^2 ~'^2 



-Af A^ 



k-l 



r=0 s=0 

k-l r-1 
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